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1. Introduction 

In 1972, D. Waterman j9 a introduced the ABV classes of functions of bounded A- 
variation. One of these classes, the class of functions of bounded harmonic variation, 
proved to be a perfectly suitable instrument for estimating the partial sums of trigono- 
metric Fourier series. The ABV classes were generalized by A. A. Saakyan 7 for two- 
dimensional case and by A. I. Sablin [5] for multidimensional case. Certain results on 
convergence of trigonometric Fourier series for functions from the ABV classes were ob- 
tained in these papers and in our papers [TJ [2] . 

In 1976, Waterman [101 applied the concept of A-variation for studying the properties of 
the Cesaro means of trigonometric Fourier series. In this work, CAV classes of functions 
continuous in A-variation were introduced. The classes C{n b }V were used to obtain the 
convergence condition. Later on, Sablin proved that in one-dimensional case the classes 
{n b }BV and C{n b }V coincide, therefore, the condition of continuity in A-variation turned 
out to be unimportant for this problem. 

The aim of our article is to expand the results on Cesaro summability for multidimen- 
sional case. In sections [5] and [3] we prove a sufficient condition for convergence of the 
Cesaro means in terms of the Waterman classes. This condition requires continuity of a 
function in the corresponding variation, which was intoduced in multidimensional case 
by the author [1] and DragoshanskiijB]. 

However, the author and Dragoshanskii proved that the class C{n b }V can be a proper 
subclass in {n b }BV both for isotropic and unisotropic cases. Thus the following question 
arises again: is the continuity in variation an essential condition for the convergence of 
the Cesaro means or not? In section [4] we answer this question. We prove that for certain 
orders of the means, this condition cannot be omitted. 

We are now turning to precise definitions and statements. First, let us introduce the 
necessary notation. 

By C we denote an absolute constant; by C(-) we denote a value that depends on the 
parameters listed in brackets (they may be different in different cases). Let T = [— tt, tt]. 
For two sequences {a n } and {b n } we write a n ~ b n if there exists a finite positive limit 
of t^ 1 - as n — !> oo. 

On 

Let A be an interval on K. By 0(A) we denote the set of all finite systems {I n } of 
pairwise disjoint intervals such that I n C A. Let E be a subset of A. By Q(A\E) denote 
the set of systems {(a n ,b n )} from fi(A) such that a n £ E, b n £ E. 

l 
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We say that A is an interval in R m if A = A 1 x • • • x A m where A 3 are intervals (open, 
half-open or closed) in R; in other words, A is a parallelepiped with the edges parallel to 

m 

the coordinate axes. We also denote such an interval by A = A'. 

fe=i 

Let {ej}™ =1 be the standard basis of R™. Consider a function /(x) = /(x 1 , . . . ,x m ) 
of m variables. We define the operators A x , s ,j{f) = /( x + se j) — /( x )- Let I k = (a k ,b k ) 
and a = (a 1 , . . . , a m ) . We put 

/(/) - /(I 1 x • • • x I m ) = A a>61 _ aM o • • • o A a , 6m _ am , ro (/). 

The value /(/) is called the symmetric difference of the function / on /. 

Let the set {1, . . . , m} be divided into two non-intersecting subsets 7 and £ containing 
p and m — p elements respectively. We denote |— y | = p, |£| = m — p. If x = (x 1 , . . . , x m ), 
then by x 7 we denote the element of R p with coordinates x 3 , j £ 7. For an interval 

m 

I = 1 3 , by I 7 denote the interval (g) P . By x 7 + J 7 (e.g. x + 1) denote the shift of 

the interval I 7 on the vector x 7 . 

By /(/ 7 ,x^) we denote the symmetric difference of / as the function of variables x J , 
j E 7 on I 1 for the fixed values of x fc , fc E £. 

Definition 1.1. We say that a nondecreasing sequence of positive numbers A = {A„} 
determines a class of functions of bounded A-variation (a Waterman class), if J~ = 

00. (In some works, the condition A n — > 00 as n — > 00 is added to the definition.) Further 
on we consider only the sequences A of this kind. By L we denote the set of all such 
sequences A. By A(N) denote the partial sums J2k=i X~- The sequence {Afc}^ n+1 is 
denoted by A„. We also write H = {n\^ =l . It is clear that H £ L. 

Definition 1.2. Consider A 1 , . . . , A m 6 L and an interval A = A 1 x • • • x A m C M m . 
Then by (A , . . . , A m )-variation of a function fix 1 , . . . , x m ) wit/i respect to the variables 
x 1 , . . . , x m over A we mean 

fe:(/;A) = ^(/;A)= sup ^ v ' ' >; ''"' Jl 



{/L}€f2(AJ) fcl) ... )fem ■•■ A 



Let a nonempty set 7 C {1, . . . , m} consist of the elements ji < • • • < j p and £ = 
{l,...,m}\ 7 . By 

V£ (/; (A 7 , x«)) = ^ iA , p (/; (A 7 , x«)) 

we denote (A J1 , . . . , A 3p )-variation of / as the function of variables x 31 , . . . , x 3p over the 

p-dimensional parallelepiped A 7 = A 31 x • • • x A 3p for fixed values x ? of other variables (if 

p . ■ 

£ is nonempty). The parallelepipeds Jj^ we denote by J^-, • The products A^ . . . A fc ^. 

we denote by A^ 7 . 
Further, the value 

V A *;(/;A) = V A ^ A , P (/;A) = sup A3p (/; (A 7 , x«). 

is called the (A- 71 , . . . , A 3p )-variation of the function /(x) w«£/i respect to the variables x 7 
over ifte interval A. 
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Definition 1.3. Let A = A 1 x • • • x A m be an interval in M. m and / be a function on 
A. The (total) (A 1 , . . . , A m ) -variation of the function /(x) over A is denned as 

^,...,a«(/;A)= £ ^(/; A )- 

7C{l,...,m}, 77^0 

The set of functions with finite total (A 1 , . . . , A m ) -variation is called the class of functions 
of bounded (A 1 ,..., A m ) -variation and is denoted by (A 1 , . . . , A m )BV(A). If A J = A for 
all j then be write briefly V£~" , Va, ABV(A) and Xk-r ■ The quantity Vh is called the 
harmonic variation. 

Definition 1.4. A function / from the class (A 1 , . . . , A m )BV(A) is said to be continuous 
in (A 1 , . . . , A m ) -variation on A, if 

Hm l A: At* W,... A*( /; A ) = 



n— 7-oc 



for any nonempty 7 = . . . ,j p } C {1, . . . , to} and any jk £ 7. The set of functions 
continuous in (A 1 , . . . , A m )-variation on A is denoted by C(A 1 , . . . , A m )V(A). 

Definition 1.5. A point Xo is said to be a regular point of a function /(x), if there exist 
2 m finite limits 

f(xl±0,...,x^±0)= hm f(xl±t\...,x^±t m ) 

t 1 ,...,t m ->+0 

for all combinations of signs. For the regular point xo we set 

f(x ) = i^/(xJ±0 I ...,x:iO). 

In what follows, we consider functions functions defined on T" 1 to be measurable and 
27r-periodic with respect to every variable (maybe, after the suitable continuation). Now 
we recall the definition of Cesaro means (see, e.g. [TH Vol.1, Chap. 3, §1]). Let a > — 1. 
The values A" are defined by the formula 

00 

Y i AZx» = (l-x)- a - 1 . 

n=0 

Then the values 

n \ "* Vi „ 

ff n-2^1«-«*- 

are called the Cesaro means of order a, or (C, a)-means, of the series ^ * s we ^ 

known (see, e.g., QU Vol.1, Chap.3, (1.17)]) that A« ~ n a . 

For the trigonometric Fourier series of a function / integrable on T, its Cesaro means 
at a point x are denoted by cr"(/, x). It is shown in [TJJ Vol.1, Chap.3, §5] that 

<(/,*)=- r f(x+t)K%(t)dt, 

* J -IT 

where the functions 

1 ™ 

™ fc=l 

are called tte Cesaro kernels. These functions are even, and 

<"> Km - 1 *,;'^^ 1 + - *r w + *«■ 

(2 sin § J n(2sin|j 
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for t e (0,7r], where = 6(t,a), \9\ < 1. For the Cesaro kernel, the following properties 
hold: 

(1.2) ra*)|<n + l<2n, |tf£(f)| < fl(a)n- '|t|-< < +1 > 
and 

(1.3) - r K°(t)dt=i. 

The Cesaro methods are defined in multidimensional case (see, e.g., []Tj part 2, chapter 
2]) in the following way. Let a — (a%, . . . , a m ) be a vector with otj > — 1, and let «Sk(/, x) 
be a rectangular partial sum of the trigonometric series of a function /. The value 

m _ ^ n m 

<w,x) = (n^o E(n<;-y^(/,x), 

j = l k=0 j=l 

is called the Cesaro means of the order a of this series. The multiple Cesaro means can 
be represented through the Cesaro kernels by the formula 




We consider the Pringsheim convergence of Cesaro means, i.e. their convergence as nj 
tend to +oo independently. 

We have mentioned the following one-dimensional result. 

Theorem A (D. Waterman [IQ]). Let a £ (—1, 0). The Fourier series, S[f], of a function 
f of class {n a+1 }BV(T) is everywhere (C, a) -bounded and is uniformly (C, a) -bounded 
on each closed interval of continuity. If f is continuous in {n a+1 } -variation, then S[f] 
is everywhere (C, a)-summable to sum ^(f(x + 0) + f(x — 0)) and summability is uniform 
on each closed interval of continuity. 

Waterman also proved that the class {n a+1 }BV(T) cannot be replaced by a larger 
ABV class. Later on, Sablin [8] proved that in one-dimensional case {n a+1 }BV(T) = 
C{n a+1 }V(T) for any -1 < a < 0. Therefore, the condition / e C{n a+1 }V{T) of the 
second part of Theorem lAl can be replaced by the condition / 6 {n a+1 } BV (T) . 

In section 3, we prove the following multidimensional analogue of Theorem lAl 

Theorem 1.6. Let otj 6 (—1,0) and /3j = oij + 1, j = 1, . . . , m. Consider a function f 
from the class ({n^ 1 }, . . . ,{n l3m })BV(T m ). Then its Fourier series is uniformly (C,a) 
bounded. If f is continuous in {{n^ 1 },..., {n^" 1 }) -variation, then its Fourier series is 
(C, a) summable to /*(xo) at every regular point Xq. If f is continuous in a neighborhood 
of a compact set K , then summability is uniform on K . 

For m = 2, Dragoshanskii [6j Theorem 1] proved that 

({r/ 1 }, {n^})BV(T 2 ) = C({n^}, {n h })V{T 2 ) 

when fi\ — \. Therefore, the following property is true. 

Corollary 1.7. Let m = 2, a = a± = a.% € (—^,0) and (3 = a + 1. Then for any 
function f from the class {n^}BV(T 2 ) its Fourier series is (C, a) summable to /*(xo) 
at every regular point xo. If f is continuous in a neighborhood of a compact set K , then 
summability is uniform on K . 
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In section 4, we prove that for m > 3 and certain {aj} the continuity in variation is 
essential for the summability and even for the localization of the Cesaro means (unlike 
the results on convergence, see [2] for details). More precisely, the following result is 
established. 

Theorem 1.8. Let m > 3, ay £ (—1, 0) and j5j — ay + 1, j = 1, . . . , m. Suppose that the 
condition 

m 

(1.4) (X»-&>1 

j=i 

holds for a certain q G {1, . . . , m}. Then there exists a continuous function f with the 
following properties: 

(1) f belongs to the class ({n^}, . . . , {n^})BV{T n ): 

(2) f = 0on [-l,lp; 

(3) the cubic (C, a) means of its Fourier series do not converge to zero at Xq = 0. 



Remark. The statement of Theorem 11.81 holds for all m > 2 and aj G (—1,0), j — 
1, . . . , m that do not satisfy the conditions of Corollary II .71 But the proof for other {ay} 
is based on other methods. See [3J 0] for details. 

2. Auxiliary estimates 

First we recall some properties of the A-variation obtained in our previous papers. 

Lemma 2.1. Iff is a function of m variables, f £ (A 1 , . . . , A rn )BV(A), g is a function 
of one variable, g G APBV{AP), then F(x) = /(x)g(x- 7 ) G (A 1 , . . . , A m )BV(A) and the 
following estimate holds: 



V A1 ,..., Am (F;A) < C(m)(v A1 ,... >A m(/;A)V^(ff;A^)+ 



+ y A i...., Am (/; A) sup | ff | + sup \f\ ■ V AJ (g; A*) 

AJ A 

This lemma was proved by the author in [3J Lemma 2] for A 1 = • • • — A m ; in general 
case, the proof is almost the same. □ 

Lemma 2.2. Let a function /(x) belong to the class C^A 1 , . . . , A m )T^(A). Suppose there 
exists the limit /(xo + 0), where xq is an internal point of the interval A. Then 

m 

hm Q F A1 ,..., Am (/; (g)(xj, 4 + (5)) = 0. 

3=1 

This lemma was proved by the author in [TJ Theorem 2] . □ 
In one-dimensional case, we introduce an auxiliary concept. 



V A (f;A\E)= sup J^- \ 



Definition 2.3. Let A C T be an interval. For a set E C A put by definition 

1/(4)1 

n(A\E) 

Lemma 2.4. Let A C T be an interval, E C A be a set with dense complement. Consider 
a function f on A \ E such that V A {f]A\E) < oo. Then f can be extended on A in 
such a way that V A (f;A) = V A (f; A\E) and sup A |/| = sup A \ B |/|. 

This lemma was proved by the author in [5J Lemma 1] . □ 
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Lemma 2.5. A {unction /(x) belongs to the class C(A 1 , . . . , A m )V(A) , if and only 

if there exist sequences M J = {fi J n } G L such that — ™ J. as n — > oo and / G 

(M\...,M m )W(A). 

This lemma was proved by the author in [TJ Theorem 1] . □ 
We shall also use the following obvious properties of A- variation. For any functions / 
and g on an interval A, 

(2.1) W,...^ (/ + g; A) < V A i,... iA m (/; A) + y A i,..., A ". (<?; A). 

If Ai and A2 are two intervals, their union is an interval and they intersect by a common 
face, then 

(2.2) 7 Al ,.„ iA » (/; Ax U A 2 ) < F A i,..., Am (/; A x ) + V A1 ,.„, A ™ (/; A 2 ). 

It follows from (|2.2|) that if / is a 27r-periodic function with respect to every variable and 
/ G (A 1 , . . . , A m ) W(T m ), then for any x G R m the following inequality holds: 

^ A V., A ™(/;x + T™) < 2 m V A i_ Am (f;T m ). 

Further on, we suppose that a.j G (— 1, 0), and /3j — otj + 1, j = 1, . . . , m. 

Lemma 2.6. Let m > 2, {1, . . . , m} = {p} U £ for a certain p. Consider a function 
f G (A 1 , . . . ,A m )BV(T m ), where X> n = for j G £, and A p C T, A« C T" 1 " 1 are 
intervals. By definition, put 



f /;,•'• • I':.r' • / ; il[/C i/';^. 



-ffere i/ie integral exists for a.e. t p , as f{x p + t p ,x^ + •) is bounded for all t p and is 
measurable for a.e. t p by Fubini theorem. Let E = E(f, p, x) be the set of Lebesgue 
measure zero where this integral does not exist. Then for any rij > 10 the estimate 

V AP {<p n ;A p \E)<C(m,a)V A i,... Am (f;(x p + A p ) x (^+A«)) 

holds. 

m 

Lemma 2.7. Let m > 1, let A = (^) (a J , £P) be a subinterval in T m . Then there exists a 
value C(m, a) such that the estimate 

r. m 

/ g(t)l[K%(V)dt <C(m, a )(V {n , 1} _ {n , m} (g;A)+sup\g\) 
3=1 A 

holds for any g G ({n 131 }, . . . , \n^ m })BV{A) and any nj > 10. 

Proof of lemmas \2.6\ and \2.7\ We prove these lemmas by induction on m. First, we prove 
Lemma 12.71 for m = 1. 

Let A = (a,b). We shall write Vg instead of Vj n ^j for short. We write (t) k for the 
A:-th power of t to avoid confusing it with the fc-th coordinate of a vector t. Without loss 
of generality we can assume that a,b > 0. The case a, b < is similar; if a < and 6 > 0, 
we represent the integral as a sum of integrals over (a, 0) and (0, b) and estimate each of 
them. 
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Put T] n 



n+l 



-pr for n > 10. Our aim is to prove that 



(2.3) 



g(t)K n (t)dt 



<C(a)(sup \g\ + V p {g;(a,b)) 

(a,b) 



for any a and b such that < a < b < ir. 

If b < rj n , then using the first of the estimates (|1.2[> . we obtain 



(2.4) 



\A n \ < 2n- sup |g| = 2tt sup |g| 

n (a.b) (a,6) 



Let b > rj n . If a < r) n , then we split the integral into two: 



An = (J + j jg(t)K n (t) dt = A nA + A na . 

The first term can be estimated similarly to (|2.4p . Thus, we should estimate the integral 
over (a„,6), where a n = max{?/„,a}. In this integral, we decompose the Cesaro kernel 
using For the remainder term, we have: 



g(t)- 



29a 



dt 



n{2 sin ■, 



C(a) f b g(t) , C (a) . „. . 

< / -%^dt < sup g < C(a) sup 9 . 



For the main term, using the properties of sinus we obtain: 



Ir, 

Then 

2I n = 



1 



g(t)K^*{t)dt=-— g(t + V n) 



b—rj n 



sin [( n+ i + f ) t _-] 



2 sin 



t+JTn 



<2t. 



b—rj n 



(g(t)-g(t + r 1n ))K%*(t)dt+ 



+ 



l f^"- , 
^ / 



(2sin|)«+ 1 (2sin^)«+i 



g(t)K?*{t)dt- 



dt- 



+ f g(t + Vn)K'*(t + 77„) = I n ,i + Z n , 2 + Z n>3 + /„,4- 



We get using (fl~2|) that 



|^n,3l < 27rsup \g\, \I nA \ < 2tt sup 

(a, 6) (a, 6) 

On the other hand, for any t 6 (a„,7r) by the mean value theorem we can find a point 
t e (t,t + ri n ) such that 

1 (a + 1) cos | 



(2sini)°'+ 1 (2sin^)«+ 1 



-Vn 



(2sin§)«+ 2 



< 



(*) a 



+2 ' 



As a n > rj n , the second term can be estimated in the following way: 



(£)«+ 2 n Q (a n ) Q+1 ( 0n)6) ( anj6 ) 
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Finally, for the first term we have: 

Let k be the integral part of fc ~°" — 1. Put x n = (b — rj n ) — a n — kr] n . Then we have 



3=1 



a n+ k Vn+ * n \ gi t)-g( t + Vn )\ 

/j- \ rv-l- 1 

a n -\-kr/ n 



Taking into account that a n + (j — l)f} n > jrj n , we get 

j < C_( f" n (y \g{an + U - IJVn +t)- g(a n + JVn +t)\ \ d 
" - n a \Jo \£i (3Vn) a+1 J 

k 

\g{a n + (j - l)y n +t)- g(a n + j-g n +t)\ \ 
fr{ (jVn) a+1 J 

For every t, both integrand expressions equal a variation sum multiplied by (?7ji)~ ( a+1 '. 
Taking into account that rj n ~ — , we get 

Jn < CvMg;(a b)) k 

n a {r] n ) a + l ~ PK v " 

Therefore, the estimate (|2.3[) holds, and Lemma [2771 is proved for m = 1. 

Now consider that lemma l2~7l is proved for (m — l)-dimensional case, m > 2. Let us 
prove Lemma l2.6l for m-dimensional case. Without loss of generality we can assume that 
p = 1. Let F(t) = /(x + 1). Consider a system of intervals {1^ } S ^(A 1 \ E 1 ). For any 
zeC, denote sgnz = \z\/z, z ^ 0, and sgnO = 0. Putting = sgn(yj n (/^ )), we have 

(2.5) z= £^^^f^^ = /■ ^)n<(^, 

^ A ^ Jas iel 

where the function ^ is defined by the formula 

Using the definition of A- variation, we have 

sup M < ^(F; A) < T/ A i,.... Am (F; A). 

Our task is now to estimate the (A 2 , . . . , A m )-variation of the function ip. Consider a 
nonempty subset r C £, and let x = £ \ r. For any systems of intervals {IjL} G ^(A- 7 ), 
7 G t we have 

2^ — - rrr? < iV.A-tA A )- 

Taking the supremum over f2(A J ), j £ t and a;*' S A 3 *, and then summing over r, we 
obtain 

F A5 (^;A«) <y A x a to (F;A). 
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Applying Lemma 12.71 to the function ip (of (m — 1) variables) and taking into account 
(£5), we get 

Z < C(m - 1, a){V A , (V>; A«) + sup \i/>\). 

Taking the supremum over ^(A 1 \ E), we obtain 

V A i {cp n ; A 1 \ E) < C(m, a)^,...,A«. (^i A) = C(m, oc)V M< „, tAm (/; x + A). 



Thus Lemma 12.61 is proved for m-dimensional case. 

Now suppose that m > 2, Lemma 12.61 is proved for m-dimensional case and Lemma 
12.71 is proved for (m — l)-dimensional case. Let us prove Lemma \2. 71 for m-dimensional 

m 

case. Put t* = {t 2 , . . . , t m ) and A* = <g) (a j ,b>). We have 



J=2 
rb 1 



3 

Consider the function 



„ rn 

Git 1 )^ / g(t\t*)l[K%(ti)dt*. 



Let AJ = {n#} for j = 1, . . ., m. By LemmaHU we have G^ 1 ) G A 1 B^(A 1 \ E) and 
VX.i(G; A 1 \E) < Ci(m, a)VAi.... i A m (5; A), where a set £7 is of Lebesgue measure zero. 
Hence A 1 \E is dense on A 1 . By the inductive hypothesis, 

sup \G\ < C(m-l,a)(V A i t ... tAm (g;A)+svp\g\). 

By Lemma 12.41 the function G can be extended on A 1 without increasing of its A 1 - 
variation and supremum. Then, applying Lemma 12.71 for m = 1, we get 



iZillC^aJ^A^GjA^+suplGI). 

A 1 

Combining these estimates, we obtain 

\Z X \ <C(m,a)(V Alt ... >Am (g;A)+ S wp\g\). 

A 

Lemmas 12.61 and 12.71 are proved. □ 

Lemma 2.8. Let A = [a, b] C R and / G A£?V(A). Lei a function s(t) be continuous 
and satisfy the conditions \s(t)\ < 1, s(t + 7r) = —s(t). Then for yt — (b — a)/it the 
estimate 

V A (f;A) , sup A |/r 



f(t)s{At)dt 



<C(A) 



k A(|xAJ -1) A 
ZioZds /or any A> ^ (hereafter by [x\ we denote the integral part of x). 

The lemma was proved in (2j Lemma 6] for s(t) = sini. In the general case, the proof 
is almost the same. 
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3. Proof of the result on summability 

Proof of Theorem \1.6l Let otj G (—1,0) and /3j = ay + 1, j = l,...,m. Consider a 
function / e C({n^}, {n^})V(T rn ). Applying Lemma ES] for A = T m , we obtain 
the first statement of the theorem (the boundedness of Cesaro means) . 
Now we shall prove the second statement. Consider the function 

¥>x(t) = ^£/(^±t J ')-/*(x). 

From (|2.1j) we get that this function belongs to any Waterman class that / does, and 
(3-1) VV,...,A-(¥>x; [0,7rp) < C(m)V A i,... iA »(/;r") 

uniformly with respect to x. The Cesaro means of / have the form 

o m p m 

<( X ) - /*(x) = — / ^(t) n k% (it) dt. 

Take an e > 0. First, by Lemma \2.2\ we can take a <5 > such that 

■K m e 



^},..,{»^}(^;(°^r)<^K^)' 



where C(m, a) is from Lemma 12.71 If the function / is continuous, 6 does not depend 
on a point x. For an arbitrary partition of the set {1, . . . , m} into two non- intersecting 
subsets 7 and £ we put 



(0,5), j€ 7 , 



p 7,c = ® J 7,e> where J 7,? 
J'=l 

Then we get 

( 3.2) ^rw= £ S ^= E ^r/ ^(t)n^(^)dt. 

T Uf={l,...,m} 7Uf={l,...,m} Jp t,« j=1 

If £ = 0, then using Lemma 12.71 we obtain the inequality l^' ! < e/2. We shall 
show that all other terms in (|3.2p tend to zero as n grows. Consider a nonempty £. 
Without loss of generality, £ = {p + 1, . . . , to} for a certain p < m. Put A J = {n^}, 
j = 1, . . . , m— 1. Using Lemma [2~51 we find a sequence A m such that ^7 — >• as k 00 
and / e (A 1 , . . . , A m )W(T m ). Let 

m— 1 

In view of (|3.1j) by Lemma 12.71 we have 



« m— 1 

J[0,5]p «/ (5,Tr] m ~P -1 - =1 



l^nCm <C(m-l,a)(y Ali ... )A m(/;P 7 , e ) + Bup|/|) 

P T>£ 



uniformly with respect to x and n. By Lemma [2.61 these functions belong to the class 
A" 1 BV([S,tt}), and using (l3~TT) we obtain 

V A m(F n ;[<y,7r]) < C(m s a)V A i J ... 1 A»(/;i , 7 ,c) 
uniformly with respect to x and n. Consider the functions 

X[S,n](t m ) 



G n (f") = F n (f 



(2sin 
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By Lemma |2~T1 with regard to (|3.1|) these functions belong to the class A m BV(T), and 
the estimates 

(3.3) sup|G„(t)| < C(m,a,6)(v A i,... Am (f;T m ) + sup\f\), 

(3.4) V Am (G n ; [6, tt]) < C(m, a, 6) (v A i,..., A n. (/; T m ) + sup |/| 
hold uniformly with respect to n and x. Put v n = n + a '" 2 +1 . Then 



(3.5) 7r m 5, 



rn 07, £ 



COS — m />7r 

F n (t m )K^(t m )dt m - ' 1 



A a. 
""■Tin 



G„(t m )sin(zA lm f")dr 



sin 



7ra m />7r 



4 Q r, 



1 n OT Jo 

Here the last term can be estimated as follows: 



G n (r l )cosK m t m )dr l + / F n (t m )R^(t m )dt m 



F n (t m )R^{t m )dt r 



< sup | Fn(t )|.2K 

[5,7r] n m 



4 (2 sin |)2 



as n m —¥ oo, independently of other components of n. 

Consider the first term (the second is estimated likewise). By Lemma 



G n (t m )sm{v nm t m )dt 
Recalling (I3.3[) and (|3.4[) . we get 

G n (r i )sin(i/ nm r i )dr i 



< c 



VAm(G n ; [6, tt]) sup tgT |G n (t) 



-"■TIti 



<C(m,/,a,<S) 



1 



1 



,A^A-(n ro -l) A£>„ 

Here A"™ ~ (n m ) Qm , z/„ m ~ n m , hence -A"™z/ nm ~ (n m )" m — > oo as n m — > oo. Finally, we 
have chosen A m such that the condition -^fc — > as k — > oo holds, therefore A ^ 



oo, where 53fc=i tir ~ • Consequently, j4" m A m (n m — 1) — > oo as n TO — > oo. This 

□ 



completes the proof of Theorem 11.6 



4. Proof of the result on non-summability 

We use the following construction introduced and studied in our paper pQ. Let m > 3. 
Consider a system {Dl} k x L 1 of intervals enclosed into T but not covering T. Consider 
systems {D 3 k }^ =1 of non-intersecting intervals, j = 2, . . . , m, where D 3 k = (o^, C T. 

Let /fc(x) be arbitrary functions on T such that fk(t) — for t < a\ and fk(t) = for 
t > b\. Let hj(t) be arbitrary functions on T such that hj(t) = for t < a J k and t > bj,, 
hi{{al + bV)/2) = 1, hi(t) do not decrease on [ai; (ai + bV)/2] and they do not increase 
on[K + &£)/2;&£]. 

We say that / is a "diagonal" function on T m if it is the sum of the series 



(4.1) 



oo m 

/(x)=^(A.(x i )n^(^)) 

fc=l j=2 
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where fk and h k are described above. It is obvious that the support of such a function is 
contained in the union of closures of the pairwise non-intersecting parallelepipeds D k x 
■■■xDf. 

Lemma 4.1 ([IJ Lemma 6]). Consider sequences A 2 , . . . A m E L such that 



oo 1 



k=l A fc ■ • ■ A fc 

Then the following conditions are equivalent: 

(a) the "diagonal" function /(x) defined by the formula belongs to the class 
(A 1 , . . . , A m )BV(T m ); 

(b) f k € A 1 BV(T) for every k e N, and sup fc V A i (f k ; T) = C < oo. 

Proof of Theorem \1.8[ Suppose ay 6 (—1,0) and /3j = a 3 ; + 1, j = 1, . . . , m satisfy (jl.4[) . 
Without loss of generality we may assume that o = 1. By definition, put 

_ i r 3 dt_ 

p ~ 2?r -4 m ^ W 

We shall define inductively an increasing sequence of positive integers {Nk} and 3 (to — 1) 
sequences c£, d? k , and ^ (j = 2, . . . ,to). Let i/j^ = Nk + 1+ ^ J ■ Let au and 6fc be the 
smallest and the largest zeros of the function sin^i^i — 1 ^ L ) on the segment [1, 3]. Let 



fk(t) =X[a k ,b k ]{t) -sva.(v lik t 



We take N x = 10, c{ = 1/4, d{ = 1/2, 8{ = 1/2. Define h{(t) as follows: /i{ = outside 
(1/4, 1/2), h{(3/8) = 1 and it is linear on the segments [1/4,3/8] and [3/8, 1/2]. 
Suppose that Nk, cj,, d J k and 8 3 k are already defined for k < s. Let 

m s— 1 

v> fe (x) = / fc (x x ) n^(^), s.(x) = e^w- 

j=2 fc=l 

It can easily be checked that the function g s satisfies the conditions of Theorem 11.61 for 
any functions hi e BV(T). Hence, a^(g s ,0) — > as n — > oo. Therefore, there exists 
M St \ such that for any n > M St \ we have \a"(g s ,0)\ < p/A. Let 



8i = ^{lsi_ 1 ,4_ 1 ,- [ ±-}. 



Using the equality (|1.3I) and the second of the estimates (|1.2p we find M s j, j = 2, . . . , m 
such that 

-/ 2^(i)di>- 

for every j and for all n > M St j. Let us take N s > max,,^...^ M SJ - such that 
(4.3) ^-) Q1<m K8^)^}' 

where -B(ai) is the constant in the second of inequalities (jl.2l) . Then using the properties 
of Lebesgue integral, we can take points c° s and d 3 s {j = 2, . . . ,to) such that [c£,c£^] C 
(0,61) and 

1 1 
- / K%(t)dt>~. 
n Jci 3 
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After it, we take continuous functions h J s with support on [cj, d? s ] satisfying the conditions 
of Lemma I47T1 (see the third paragraph of section and, therefore, belonging to BV(T) 
such that 



I /■*• 1 



(4.4) ,7^ (hl,0) = - h{ (t)K% (t) dt> 

TT J c J s 4 

It can be easily seen that 

^ 1} (/ fc ;[0,7r])<A^ £ 

z=i 

Using the condition (|1.4[) . we see that the class {{n^ 1 }, . . . , {n^ m })B^(T m ) satisfies 
Therefore, the "diagonal" function /, defined by (|4.1[) satisfies the conditions of Lemma 
14. II and, consequently, belongs to the considered Waterman class. As each function ^fe(x) 
is continuous, their supports are pairwise non-intersecting and sup \4>k\ — > as k — > oo, 
the series (|4. 1[) converges uniformly and thus / is continuous. 

We now estimate the Cesaro means of its Fourier series. First, for any s we have: 

olff m A N S f bs ■ ( . ™A 1 ^ sin 2 (^-^) ^ 

Vn s Us, 0) = / sm v 1>3 t - — )K N \ (t) dt=- \. ^ ^ 



2 y A « w TT 7 as (2sint/2) Q + 1 



jf S sin^.t - Z^fl£(t) dt = Ji + J 2 . 
The first term can be estimated in this way: 



' t a+1 



TV 



[°° dt 1 [ b > cos(2vi, s t-Trai) 



2tt 



Here J\ t \ tends to 4 m p as s tends to infinity, and tends to zero as s tends to infinity 
by the mean value theorem. On the other hand, 

A%\ f 3 dt 



|J2 '- n£] x (2 sint/2)^ 

as s — > oo. Therefore, if s is sufficiently large then cr^(/ s ,0) > 4 m p/2. Combining this 
with (14.41) . we obtain that 



for sufficiently large s. 

Secondly, consider that k > s. Then the second of the estimates (|1.2p and the condition 
(|4.3|) imply the inequality 

l^.(/*.0)|<TO ol / > ^|^rA<f. 
Moreover, for j = 2, . . . , m, using the first of the estimates (|1.2p we obtain 

i r d * 

- K$ m (t)dt 



\a$M,o)\ 



TT . ri 



<2N s (di-4)<-N s 6i 

TT 
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Combining these estimates and taking into account the conditions posed on S J k , we come 
for any k > s to the inequality 



rn , rj n. , -. \ (m — l)(fc— 



j=2 



^ + i/" 8 V2 



Finally, as the series 



fc=l 

converges uniformly on T m , we obtain that 

oo 

k£.(/,o)| > |^,(^,o)| -1^(^,0)1- £ 1^,(^,0)1 > 

fc=s+l 



(m-i)(fe-s-l) 



for sufficiently large s. This completes the proof of Theorem 11.81 □ 
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